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Abstract-some simple first moment expressions are found for solutions of some linear and non- 
linear multi-component diffusion-reaction problems. These formulae are potentially useful in para- 
meter identification problems involving such systems. Moment formulae are derived for a problem 
concerned with transport of blood-borne ligand across unstirred layers and radioactive marker ex- 
periments are described which linearise the mathematics and lead to useful formulae for identifying 
parameter values. 
1. INTRODUCTION 
Moment techniques were used to great effect by Aris [l] in his analysis of G.I. Taylor’s problem of 
dispersion of solute matter in fluid flow [2,3], and were further developed and exploited by Bar- 
ton [4]. A similar approach is used here to derive some simple exact formulae for the moments 
of special solutions of some diffusion-reaction equations modelling ligand transport through cell 
walls [5] and other biochemical problems. Although the equations involve no convection terms, 
the difficulties and interest lie in the effects of diffusion and chemical interactions between com- 
ponents. 
These exact moment formulae, which have potential applications in problems concerned with 
the identification of diffusion and chemical interaction parameters, are associated with solutions 
of diffusion-reaction systems on the infinite real line which describe the behaviour for time t > 0, 
when two equilibrium states, one on the half line x < 0 and the other on the half line x > 0 are 
brought into interaction through their common boundary x = 0, at time t = 0. If ci denotes this 
initial concentration distribution, the nth moment I, of the concentration distribution ~(5, t) on 
the x-axis at time t is defined by the expression 
In(t) = s O” -co $ (c(x, t) - q(x)) dx. (1.1) 
We envisage experiments in which a radioactive tracer associated with some component or compo- 
nents in one of the initially equilibrated arms, provides a measure of the concentration distribution 
of certain ingredients at any time t during the interaction. 
For example, when a single component is diffusing without interacting with other ingredients, 
its behaviour can often be modelled by a simple diffusion equation of the form 
(l-2) 
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This equation is invariant under the similarity transformation x -+ cr x, t + o? t, by virtue of 
the assumption that the diffusion parameter is a function of concentration only and the medium 
is homogeneous and isotropic, and since the initial conditions and domain for our problem on 
the infinite line described above are invariant under this transformation, the solution c(x, t) will 
also be left invariant. The solution must therefore be a function of the transformation invariant 
z = x/d, so that, 
.,o=J_“l${c (s>-ci}dz 
J O” $ {c(z) - ci} dz = K, t(n+1)‘2, = @‘1)/z --oo 12. 
(1.3) 
is a simple power of t. The moment coefficients K, for n equal to 0 and 1 are easily evaluated 
and we find Ko is zero and 
J 
c(m) 
K1 = D(c) dc. (1.4) 
CC--00) 
If D(c) is constant so that equation (1.2) is linear, all the even order coefficients Kzm are zero 
and 
&__1 = [c(-co) - c(oo)] q. (I-5) 
The even order coefficients Kzm are also zero for linear constant coefficient systems involving 
interactions, but in general for nonlinear reaction systems, not even the zero order moments are 
necessarily zero. 
The first moment coefficient K1 can be found experimentally and by means of formula (1.4), 
may be used to find D a.s a function of c. However, the main thrust of this paper revolves around 
formulae for this first moment for systems with interacting components. 
In the first section, we study interacting linear systems and in the second, some interesting 
nonlinear diffusion reaction equations with biological applications. 
2. LINEAR DIFFUSION-REACTION EQUATIONS 
Suppose each component of the n-vector c describes the concentration of a diffusing-reacting 
ingredient governed by the linear system of equations 
32 
- = DV2c+Ac, 
at 
(2.1) 
where D is a diagonal n x n-matrix of positive constant elements called diffusion coefficients and 
A is a constant n x n interaction matrix. 
We assume the system has constant solutions c = c* for c* other than the zero vector, so that 
AC* = 0, and hence, the rank of A is less than n. Let c+ denote a constant equilibrium solution 
established in the region x > 0, at time t = 0, and c- another established initially in x < 0 for 
our one-dimensional linear diffusion-reaction problem on (-oo,oo) so that ci, the initial value 
for c is equal to c- on x < 0 and c+ on x > 0 at t = 0. 
The mth moment of c on (-co, 00) is defined to be the vector I, given by 
&n(t) = J O" xm -+c - i) dx. --oo m. (2.2) 
It follows immediately from (2.2), that Im(0) = 0 and by integration by parts, 
dI1 dlo -AI 
dt 0; 
-=AIl+D[; whereJ=c--cf, 
dt 
and 
dI, dt =AI,+DI,_z for m > 1. 
These equations imply the even order moments are all zero. 
(2.3) 
(2.4) 
Since A is singular, 
each such vector there 
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there are transposed vectors r]’ such that v/A = 0, and associated with 
are scalar moments Z, = $1, such that 
Zo = 0 and z1 = q’DJt. (2.5) 
In setting up a radioactive tracer experiment for this linear system, one can imagine the primary 
ingredients represented by a vector y* being mixed and reacting in accordance with the reaction 
kinetics equation; 
dY - =Ay, y=Y*, 
dt 
at t = 0, (2.6) 
to eventually produce y(-oo) = c- say, and a different batch producing an equilibrium mixture 
c+ for the region x > 0. If one ingredient of y* is radioactive, it may produce many radioactive 
components in c-. The total radioactive content of the system is preserved, being unchanged by 
mixing, diffusion and chemical reaction and is the sum of the radioactive constituents so that the 
local intensity of radioactivity r is given by a scalar product of the form $c. If the ingredients 
are initially well-mixed so that the concentration vector y is spatially constant and the reaction 
equations (2.6) prevail, then 
dy dr 
$dt=Z=rj’Ay=O, (2.7) 
so that $ A = 0. 
In the one-dimensional linear diffusion-reaction experiment described above with radioactive 
ingredients in the system, the local radioactivity T(IC, t) = q’c has zero and first order moments 
given by ~0 and ~1 respectively, in equation (2.5). The first order moment formula, 
r1 =$D[t=q’D(c--c+)t, (23) 
may be used to determine experimentally some of the components of D by appropriate choices 
of radioactive markers and initial concentrations. 
When c satisfies the linear diffusion-reaction equation (2.1) in lR3 and its derivatives tend to 
zero exponentially at infinity, it can be shown that the first order moments of v’ c, the distribution 
of radioactive marker in lR3, are preserved, so that the centre of gravity of the marker is fixed. 
Suppose the n-component vector c satisfies the initial value problem 
dC 
- = DV2cfAc, 
a 
c = Ci in IR3 at t = 0, (2.9) 
where A and D are constant matrices, D is positive definite and diagonal, and ci and all its 
derivatives vanish exponentially at infinity. Let Ml,,,, denote the moment function 
M,,+(t) = 
SJS 
x1 ym 9 c(z, y, Z, t) dx dy dz, (2.10) 
LR3 
when the integers 1, m, and n are positive or zero and suppose Ml,,,, is zero if any one of these 
subscripts is negative. Note that, for t > 0, all the derivatives of c and their moments vanish at 
infinity exponentially since those of ci do, and so 
“;;m>n (t) = J/J xl ym zn {D V2c + A c} dx dy dz 
w 
= J//L x1ymz”DV2c- DcV2 (XlYq] dx dy dz + A Ml,,,,, 
&I3 
+ J/J i DC 1(1 - l)blrc 1-2 ym zn + m (m - 1) b, x1 yme2 zn 
!P 
+n(n-l)b,x y 1 mzn-2 1 dx dy dz, 
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where bl = 1 for 1 > 2, and bl = 0 for 1 < 2. We see that Ml ,m,n satisfies a recurrence system of 
ordinary differential equations 
“M;;m’n (t) =AMl,,,,+D[I(L-l)M_ 1 z,m,n+m(m-1) W,,-2,,+n(n-1) Ml,m,n_2]. (2.11) 
with initial conditions 
M,,,,(O) = 
/II 
x1 ym .z? ci(x, y, .z) dx dy dz. 
UP 
If the origin is chosen at the centre of gravity of the initial distribution n’ci of a radioactive 
marker, then ~‘Mi,c,c(O) = 0 and $Mi,c,c(t) remains zero by virtue of equation (2.11), as do the 
other two first order moments q’Mo,l,o(t) and $Mo,o,l(t). 
3. A NONLINEAR DIFFUSION-REACTION PROBLEM 
In this section, c is once again an n-vector of concentrations of diffusing-interacting ingredients 
on the infinite line, but governed by an equation of the more general form 
$ = divD(c) grad c + f(c), (3.1) 
where f is a nonlinear n-vector function of the concentrations. Suppose I- = n’c is the radioactive 
intensity of a tracer mixed in ci along the 2 < 0 limb of the experimental set-up. Since the total 
radioactivity is preserved during a mixing process, and such a process is governed by solutions 
of equation (3.1) which depend only on time, we must have 
a+ - = q/f(c) = 0, 
at (3.2) 
for arbitrary starting concentrations, so that n’ f(c) = 0, for all c. The first moment ~1 of the 
radioactive distribution is therefore given by 
ri = 
Jrn 
x q’(c - ci) dx, (3.3) 
-co 
where 
ar, 
co 
t=v’ _-o3x J ( 
a 
ds 
and ~(0) = 0. If D is diagonal, 
b(c)$j +f(c)) dx=-$L;D(c)$dx, (3.4) 
and the ith diagonal element is a function of only the ith 
component of c a.nd independent of all the other chemical concentrations, the last integral in (3.4) 
is independent of t, so that 
r1 = Kt, where K = -$ 
Jrn -co 
D(c) g dx. (3.5) 
The following three diffusion-reaction equations of nonlinear type (3.1) modelling the transport 
of blood-borne ligands across unstirred layers have been described by Bass and Pond [6], studied 
experimentally by Weisiger [7], and qualitatively analysed in [5]. 
ac acb as 
--D1v2c=-p; ~-DzV2cbzp; at_D3v2s=_p; at 
where C is the ligand concentration, S the protein concentration, Cb the protein-ligand complex 
and p is the reaction rate expression 
p=klSC-kzcb, (3.7) 
for ligand-protein interaction. 
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These equations involve three diffusivities Dl, D2, and D3 associated with the components, 
ligand, ligand-protein complex and protein respectively, and two reaction rate constants ICI and kz. 
(The notation is that in [5].) 
Now imagine two homogeneous semi-infinite media, each in equilibrium, brought together 
at time t = 0 to initiate a one-dimensional diffusion-reaction problem described by the equa- 
tions (3.6), (3.7) on the whole line --o;) < x < co for t > 0, and the initial conditions, 
c = 0, cb = 0, and S = Sz for x > 0, t = 0, 
C = Cl), cb = Cm, and S=S; forx<O, t=O. 
(3.8) 
Let & = C + cb denote the total ligand concentration, bound and unbound, and 3 = S -+- Cb 
denote the total protein concentration, so that at t = 0, 
c(X,o) z &) = co $ CbO, $X,0) z s; + cb, in x < 0, 
~(~,O)~~o=O, ~~~(x,O)E!&=SSO+ inx>O. 
W) 
If&(t) and &(t) are the nth moments of the distributions of 6 - 60 and 3 - 30 about x = 0 
as defined by 
en(t) = J O” 2 [&(x, t) - &o(x)] dx, O” S(t) = --oo J f$ [3(x, t) - &,0(x)] dx,--o3 n. (3.10) 
we see that &(O) = i&(O) = 0 and 
+(t)=Jm 5 [DIg+Dzz] dx. 
--oo 71. 
(3.11) 
For n = 0, the right hand side of equation (3.11) vanishes, so that 60(t) = 0, and for n = 1, we 
get after integrating by parts, 
2 = [DI Co + 02 Cm], so that &l(t) = [Dl Co + D2 Cbo] t. (3.12) 
Useful estimates can be obtained from equation (3.11) for higher moments under various circum- 
stances. 
We conclude by drawing attention to some tracer experiments which lead to exact linear 
equations associated with this system. 
Suppose at time t = 0, we have in the region x > 0, C = CO, cb = Cm and S = SO where 
hCoSo = kzGo, (3.13) 
and in the region x < 0, C = CO - Cz, C* = c:, Cb = CbO - Cio, Ct = Cio, S = So, where Cz 
is the concentration of radioactive ligand, Ct is the concentration of radioactive protein-ligand 
complex, and 
h (Co - C;) S = k2 (Go - C&J, so that ICI CG S = k2 C&. (3.14) 
On the whole real line, this system is in complete chemical equilibrium for all time t > 0, although 
the distribution of radioactive ligand and protein-ligand complex changes as radioactivity diffuses 
into the region x > 0. The unbound protein concentration remains constant at the initial value 
SO, and so the remaining ingredients are governed by the linear diffusion-reaction equations 
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C+C* =cl), cb+c; =cbo, 
ac* a%* -- 
at 
D1 - = 
dX2 
-ICI So C* + k2 C;, 
act a%; -- 
at 
D2 - = 
dX2 
klSoC* -kzC;, 
(3.15) 
and the initial conditions, 
c* = c,, c; = c,$, in x < 0, 
c* =o, c; =o, in x > 0. 
A dimensionless formulation of this problem in terms of new variables and parameters defined 
by the equations 
Cd = c;u, kl So 52 C;=C&,v, r=klS,,t, x2=-, 
D1 
Cl? k:! D2 
(3.16) 
_- 
~=~-k_&,’ E=xT 
involves the linear diffusion-reaction equations 
au a2u au a2v 
-----_-u+v 
a7 ax2 7 7&=E~=p(U-v), (3.17) 
for u and v subject to initial conditions u = uc and v = va at t = 0, where 
U(J = 210 = 1, for z < 0 and Ua = 110 = 0 for 2 > 0. 
If I,, and J, are the nth order moments of u and v defined by the expressions 
I, = J _~+J)~x, ~~~hlw, J, = 
the even order moments vanish, and II and J1 are given by 
(3.18) 
(3.19) 
Il= (p+&jr+ (l-&j ___ ___ 
(1+ PI (1 + Pj2 
l_e-(‘+~)’ , J1= (p+E)f+p(l--E) 
1 
~ ~ 
(1 + PI (1-t Pj2 
l-e-(l+dT . (3.20) 
1 
Ii(r) has slope 1 at the origin and slope (1 - ~)/(l + ,u) at infinity, while J1 has corresponding 
gradients E, and (CL + ~)/(l + p). These expressions can be used in recurrence relations of the 
form (2.4) to derive formulae for higher order moments. 
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